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ABSTRACT: T h e  formation of ring and chain molecules during an irreversible step-growth polymerization 
has been modeled on a two-dimensional eight-choice lattice and examined by the Monte Carlo method. No 
movement was allowed in the system in this study; consequently, 5.5% of the reactive groups initially present 
became isolated and remained unreacted, 14.1% of the  monomers entered into ring molecules, and the rest 
became part  of chain molecules. 34% of the molecules finally present were ring molecules. Mean numbers 
of residues in the rings and chains were obtained. The  distribution function for the number of ring molecules 
of size m had the form R, = A,m-T, with y falling from an  initial value of more than 9 to a final value of 
2.7 as the degree of polymerization rose from 0.2 to  0.945. 

Introduction 
The natural consequence of the nonreversible step- 

growth polymerization of a bifunctional monomer, if suf- 
ficient time elapses and if the monomers are in a fluid 
phase, is for all the material to form ring molecules. On 
a molecular level, at  each growth stage the end group of 
monomer, oligomer, or polymer either reacts with an end 
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group of a second such molecule, to form a longer chain, 
or reacts with the other end of the same molecule to form 
a ring. Rings can form provided that the simple geome- 
trical requirement is satisfied that the two end groups of 
a linear molecule are adjacent to each other, but once a 
ring molecule has formed it cannot grow any larger (unless 
a bond-breaking reaction was first to open the ring and 
recreate end groups). Rings accumulate in number from 
chain molecules of the same size, but chain molecules grow 
in size progressively. In consequence, only small rings may 
form during the initial stages of the step-growth process, 
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but larger rings may be expected to form toward the end. 
These considerations also apply to a system of monomers 
in the solid state, but then there is the extra factor, created 
by the immobility of the units, that the reaction cannot 
proceed to completion. 

The initial treatments of step growth (in solution in 
three dimensions) described and analyzed the kinetics in 
terms of second-order reactions of end groups and ne- 
glected ring Jacobson and Stockmayer have 
examined the equilibrium that may be obtained in a sys- 
tem of macromolecules produced by a step-growth reaction 
when a small fraction of end groups remains as a result 
of a minor proportion of the reverse r e a ~ t i o n ; ~  from the 
chain configuration statistics an expression has been 
produced for the number distribution of  ring^.^^^ In this, 
our initial exploration of these ideas, we use a computer 
model of step growth in two dimensions to explore the 
incidence of rings as a fraction of the total quantity of 
material present and to obtain ring size distributions 
during the formation of macromolecules, when their for- 
mation is governed by chain configuration, excluded vol- 
ume, and reaction kinetic considerations. The bifunctional 
residues here are fixed on their initial lattice positions: no 
movement is allowed, so the simulation corresponds to a 
reaction in a solid crystalline monolayer. The model has 
been explored by the Monte Carlo method. 

Lattice Model 
The monomers were placed on a lattice in two dimen- 

sions. Each monomer could form bonds with two of its 
eight immediate neighbors. For linking residues above, 
below, and to each side of the central residue, bonds of unit 
length were required, but bonds of length v'2 were re- 
quired between residues that are directed diagonally to the 
corners of the square. The eight-choice lattice was chosen 
to enhance the number of configurations available to a 
molecule of a particular size, in an atttempt to minimize 
any effect that might be associated with the structure of 
the lattice. Periodic boundary conditions were applied, 
so that units at an edge had the capacity to form a bond 
with units on the opposite edge of the system and so they 
suffered no diminution in their capacity to react on account 
of their location. Molecules that grew out of one side thus 
entered again on the other. 

Each step growth was started by the selection of a lattice 
site at random, an event which was counted as one unit 
of time, T. If the site so selected had not reacted twice, 
one of its eight neighbors was selected a t  random, and a 
bond was formed with a probability, p b ,  which was the 
product of the two probability factors, PI, of the units that 
were concerned. After a bond had formed, the information 
in the vector for each residue of the newly formed molecule 
was revised to record the size of the molecule, whether it 
was a ring or a chain, and the addresses of the neighbors 
to which the residues were directly linked by a bond. For 
this study of the polymerization, the value of PI for a unit 
at the middle of a chain was 0, for an end group it was 0.5, 
and for a monomer it was 1. This choice of values for end 
groups and monomers maintains the simple ratio of their 
number of functional  group^.^ A further factor governing 
bond formation arose from spatial considerations: a di- 
agonal bond was not allowed t~ form between two residues 
if another bond had previously formed across the same 
space in the opposite diagonal direction. 

When growth took place, chains and rings formed ran- 
domly during a reaction as a consequence of the steady 
accumulation of individual step growths in the system. 
The number of rings and chains of each size was recorded 
separately a t  previously chosen intervals of time during 
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Figure 1. Plots of the extent of reaction, p ,  the number fraction 
of ring molecules, Fns, and the fraction of the mass that is rings, 
Fws, as a function of time of reaction, T, on a logarithmic scale. 

a simulation, together with the number of bonds that had 
formed-the measure of the extent of the reaction. Within 
each run, simulations were repeated a number of times, 
Nrep, before the accumulated totals of ring and chain 
numbers and other factors were placed in a file in the 
computer system. 

The PASCAL language was used for programming the 
model on an ICL Series 39 Level 80 main-frame computer? 
The set concept of the language enabled reactions between 
neighbors to be readily expressed. A pseudo random 
number sequence was obtained from the NAG routine 
G05CAF that was seeded in a random manner with pro- 
cedure GOSCCF when each reaction was repeated. The 
smallest rings that could form contained three units, and 
others formed once chain tetramers, pentamers, hexamers, 
and so on had grown, and even a ring as large as 63 units 
was found. In the standard simulation we used a square 
lattice of L, = 20 units, with a number, Nrep, of 50 repe- 
titions, but for some simulations with short reaction times, 
5000 repetitions were performed to generate a satisfactory 
number of rings for statistical analysis. At  each T there 
were obtained a t  least 16 and generally more than 22 
different simulations. Means and standard deviations were 
obtained from a set of simulations for factors such as the 
number of bonds formed, the number of molecules, and 
the number and weight of ring molecules. 

Results and Discussion 
The extent of reaction, p ,  was related to the number of 

bonds that form, Nb, and the number of molecules initially 
present in the system, No, by 

We plot p in Figure 1 against the time, T, on a logarithmic 
scale. At  the start inspection showed that the value of p 
rose linearly with T, but as sites became occupied by di- 
mers and by other oligomers, the chance that a randomly 
chosen pair of residues could react fell from the initial 
value of unity, and the rate of the reaction was corre- 
spondingly reduced. Had the initial rate applied 
throughout, for the 20 X 20 system, half the reactive groups 
would have reacted after 200 units of time. For the model, 
the extent of reaction was 0.50 at approximately 420 units 
of time, was 0.75 at approximately 1410 units of time, but 
did not reach unity even after a lapse of time of 500000 
units. In fact, the extent of reaction approached a limiting 
value as T rose, being effectively constant once T passed 
50 000 units: from the 23 reactions with time of 500 000 
units, the value of p was 0.9451 (f0.0011), but a slightly 

P = Nb/No (1) 
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DP, = 1/(1 - p )  (3) 

as we show in the plot given in Figure 2. The two curves, 
for ( m )  and 1/(1 - p), begin to deviate from each other 
once rings form in significant quantities. Even for the 
chain fraction alone the Carothers expression provides an 
overestimation of the mean molecular size. By combining 
eq 1 and eq 2, we obtain 

(4) 1/(1- P )  = No/(Nt - Nr)  

2'o-. 
0.0 4 

+\I  flooo 

I I I 
10 20 3 0  
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Figure 3. Plots of R,, the number of rings of size m, vs m on 
a double-logarithmic scale for the times T that are indicated at 
the end of each line. The error bars shown are standard deviations. 
The data was obtained from at least 16 simulations of the process, 
each simulation consisting of 50 reactions on the 20 X 20 residue 
square lattice. Only the fitted line has been drawn for T = 1OOOO. 
For T = 100 the points have been raised by an arbitrary amount 
(2.60), to place them on the plot. To obtain a satisfactory number 
of rings at T = 100 (and 200), Nrep was 5000, but the data have 
been adjusted to a value of 50. 

The denominator of the right-hand side of this equation 
is simply the number of chain molecules, N,, but the nu- 
merator includes those monomers that became residues 
in rings. When rings first formed (and none were found 
until T = lo), their mean size, ( m)r, was 3.00, but the value 
slowly rose to a limiting value of 5.06 (f0.34) as is shown 
in Figure 2. Limiting values of the mean molar mass of 
chains, ( m)c, of the mean molar mass of all the molecules, 
( m ) ,  and of the function 1/(1- p )  were found to be 15.65 
(*0.58), 12.08 (f0.22), and 18.21 (f0.36), respectively. 
Rings are thus much smaller than the chains, in terms of 
their average size and in their proportion of the mass of 
the system, when movements on the lattice do not take 
place. 

To allow a study of the ring size distributions a t  each 
reaction time greater or equal to 100 units, the mean 
number of each ring size and its standard deviation was 
computed. The results invariably showed that the number 
of ring molecules diminished as ring size increased, par- 
ticularly at  the start of the process, when few rings had 
formed. Some of the ring distributions are plotted on 
Figure 3 using a double-logarithmic scale, as suggested by 
the form of eq 5 that was found to be suitable for de- 
scribing ring number distributions under equilibrium 
 condition^.^,^ This equation does appear to be suitable for 
the data. Using the NAG routine E04FBA,' the ring 
distributions were fitted with eq 5: 

R, = Aom-r (5) 

In the fitting, the square of each residual (the difference 
between the actual and the predicted values of R,) was 
weighted according to the square of the reciprocal of the 
standard deviation of the value for R,.O We used only 
those values of R, that were greater than -1: 21 values 
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40400-37 250p and y = 10.25-7.8513.) The mean of the 
three values we found for y at  the longest times used was 
2.73 (f0.02), when p was 0.945 and the first 20 values of 
R, were fitted. The values found for y, even at  high p ,  
are greater than the value of 2.00 for the exponent of m 
that would be expected for the equilibrium distribution 
function, if the treatment3 were extended to the present 
two-dimensional case. 

In conclusion, we record that both ring and chain 
molecules have been formed by an elementary model of 
the kinetics of the step-growth process on an eight-choice 
two-dimensional lattice. In this study in the absence of 
movement the simulation corresponds to a reaction in a 
crystalline state, the maximum extent of reaction achiev- 
able was just below 95%, one-third of the molecules so 
produced were rings, and within the class of ring molecules, 
the large rings diminish in proportion with ring size sig- 
nificantly faster than would an equilibrium distribution. 

4 0  

A./100C 
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Figure 4. Plots of the y and A, parameters, obtained by fitting 
eq 5 to simulation data at different reaction times, against the 
extent of reaction, p .  The parameters are nearly linearly related 
to p .  (As for Figure 3, the A, values correspond to the 20 x 20 
system, with Nrep = 50.) 

were used for T = 100000, but only 6 values, for T C 1OOO. 
There is little indication of any systematic deviation of the 
first few points from or of oscillations about the line, as 
might occur if the eight-choice lattice structure was in- 
fluencing the data. The equation appeared to give an 
adequate account of the distribution over the whole range: 
for example, for the most extensive set of data (30 repeats) 
that were obtained when T was 100 000 and that is shown 
at the top of Figure 3, the value we found for y was little 
altered by using 19 values of R, (y = 2.728 f 0.017) or by 
using merely the first 10 values (y = 2.673 f 0.019). The 
values of y fell progressively during the reaction, as larger 
rings were able to form from the larger chain molecules 
that had then developed. 

We plot the values of y and of A,  against p in Figure 
4, which shows that there is an approximately linear re- 
lationship between p and each of these factors. (The lines 
shown in Figure 4 have the following forms: A,  = 
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